Abstract. We use pseudodifferential calculus and heat kernel techniques to prove a conjecture by Chamseddine and Connes on rationality of the coefficients of the polynomials in the cosmic scale factor a(t) and its higher derivatives, which describe the general terms a 2n in the expansion of the spectral action for general Robertson-Walker metrics. We also compute the terms up to a 12 in the expansion of the spectral action by our method. As a byproduct, we verify that our computations agree with the terms up to a 10 that were previously computed by Chamseddine and Connes by a different method.
Introduction
Noncommutative geometry in the sense of Alain Connes [11] has provided a paradigm for geometry in the noncommutative setting based on spectral data. This generalizes Riemannian geometry [14] and incorporates physical models of elementary particle physics [12, 13, 10, 15, 5, 7, 19, 31, 32, 33] . An outstanding feature of the spectral action defined for noncommutative geometries is that it derives the Lagrangian of the physical models from simple noncommutative geometric data [13, 4, 10] . Thus, various methods have been developed for computing the terms in the expansion in the energy scale Λ of the spectral action [3, 6, 8, 9, 20, 21] . Potential applications of noncommutative geometry in cosmology have recently been carried out in [22, 24, 25, 26, 27, 28, 29, 30, 16] .
By devising a direct method based on the Euler-Maclaurin formula and the Feynman-Kac formula, Chamseddine and Connes have initiated in [9] a detailed study of the spectral action for the Robertson-Walker metric with a general cosmic scale factor a(t). They calculated the terms up to a 10 in the expansion and checked the agreement of the terms up to a 6 against Gilkey's universal formulas [17, 18] .
The present paper is intended to compute the term a 12 in the spectral action for general Robertson-Walker metrics, and to prove the conjecture of Chamseddine and Connes [9] on rationality of the coefficients of the polynomials in a(t) and its derivatives that describe the general terms a 2n in the expansion. In passing, we compare the outcome of our computations up to the term a 10 with the expressions obtained in [9] , and confirm their agreement.
In terms of the above aims, explicit formulas for the Dirac operator of the Robertson-Walker metric and its pseudodifferential symbol in Hopf coordinates are derived in §2. Following a brief review of the heat kernel method for computing local invariants of elliptic differential operators using pseudodifferential calculus [17] , we compute in §3 the terms up to a 10 in the expansion of the spectral action for Robertson-Walker metrics. The outcome of our calculations confirms the expressions obtained in [9] . This forms a check in particular on the validity of a 8 and a 10 , which as suggested in [9] also, seems necessary due to the high complexity of the formulas.
In §4, we record the expression for the term a 12 achieved by a significantly heavier computation, compared to the previous terms. It is checked that the reduction of a 12 to the round case a(t) = sin t conforms to the full expansion obtained in [9] for the round metric by remarkable calculations that are based on the Euler-Maclaurin formula. In order to validate our expression for a 12 , parallel but completely different computations are performed in spherical coordinates and the final results are confirmed to match precisely with our calculations in Hopf coordinates. In §5, we prove the conjecture made in [9] on rationality of the coefficients appearing in the expressions for the terms of the spectral action for Robertson-Walker metrics. That is, we show that the term a 2n in the expansion is of the form Q 2n a(t), a (t), . . . , a (2n) (t) /a(t) 2n−3 , where Q 2n is a polynomial with rational coefficients. We also find a formula for the coefficient of the term with the highest derivate of a(t) in a 2n . Finally, our main conclusions are summarized in §6.
The Dirac Operator for Robertson-Walker Metrics
According to the spectral action principle [12, 4] , the spectral action of any geometry depends on its Dirac operator since the terms in the expansion are determined by the high frequency behavior of the eigenvalues of this operator. For spin manifolds, the explicit computation of the Dirac operator in a coordinate system is most efficiently achieved by writing its formula after lifting the Levi-Civita connection on the cotangent bundle to the spin connection on the spin bundle. In this section, we summarize this formalism and compute the Dirac operator of the Robertson-Walker metric in Hopf coordinates. Throughout this paper we use Einstein's summation convention without any further notice.
2.1. Levi-Civita connection. The spin connection of any spin manifold M is the lift of the Levi-Civita connection for the cotangent bundle T * M to the spin bundle. Let us, therefore, recall the following recipe for computing the Levi-Civita connection and thereby the spin connection of M . Given an orthonormal frame {θ α } for the tangent bundle T M and its dual coframe {θ α }, the connection 1-forms ω α β of any connection ∇ on T * M are defined by
Since the Levi-Civita connection is the unique torsion free connection which is compatible with the metric, its 1-forms are uniquely determined by
This is justified by the fact that the compatibility with metric enforces the relations
α , while, taking advantage of the first Cartan structure equation, the torsion-freeness amounts to the vanishing of
2.2.
The spin connection of Robertson-Walker metrics in Hopf coordinates. The (Euclidean) Robertson-Walker metric with the cosmic scale factor a(t) is given by
which lifts to the spin bundle using the Lie algebra isomorphism µ : so(4) → spin (4) given by (see [23] )
Since ωθ α , θ β = ω α β , the lifted connectionω is written as
In the case of the Robertson-Walker metric we find that
where we use the notation γ ij = γ i γ j for products of pairs of the gamma matrices γ 1 , γ 2 , γ 3 , γ 4 , which are respectively written as
2.3. The Dirac Operator of Robertson-Walker metrics in Hopf coordinates. Using the expression (1) obtained for the spin connection and considering the predual of the orthonormal coframe {θ α },
we compute the Dirac operator for the Robertson-Walker metric explicitly:
Thus the pseudodifferential symbol of D is given by
For the purpose of employing pseudodifferential calculus in the sequel to compute the heat coefficients, we record in the following proposition the pseudodifferential symbol of D 2 . This can be achieved by a straightforward computation to find an explicit expression for D 2 , or alternatively, one can apply the composition rule for 
where the homogeneous components p i of order i are written as
3. Terms up to a 10 and their Agreement with Chamseddine-Connes' Result
The computation of the terms in the expansion of the spectral action for a spin manifold, or equivalently the calculation of the heat coefficients, can be achieved by recursive formulas while working in the heat kernel scheme of local invariants of elliptic differential operators and index theory [17] . Pseudodifferential calculus is an effective tool for dealing with the necessary approximations for deriving the small time asymptotic expansions in which the heat coefficients appear. Universal formulas in terms of the Riemann curvature operator and its contractions and covariant derivatives are written in the literature only for the terms up to a 10 , namely Gilkey's formulas up to a 6 [17, 18] and the formulas in [1, 2, 34] for a 8 and a 10 .
Small time heat kernel expansions using pseudodifferential calculus.
In [17] , by appealing to the Cauchy integral formula and using pseudodifferential calculus, recursive formulas for the heat coefficients of elliptic differential operators are derived. That is, one writes
where the contour γ goes around the non-negative real axis in the counterclockwise direction, and one uses pseudodifferential calculus to approximate (D 2 − λ) −1 via the homogeneous terms appearing in the expansion of the symbol of the parametrix of D 2 − λ. Although left and right parametrices have the same homogeneous components, for the purpose of finding recursive formulas for the coefficients appearing in each component, which will be explained shortly, it is more convenient for us to consider the right parametrixR(λ). Therefore, the next task is to compute recursively the homogeneous pseudodifferential symbols r j of order −2 − j in the expansion of σ(R(λ)). Using the calculus of symbols, with the crucial nuance that λ is considered to be of order 2, one finds that
and for any n > 1
We summarize the process of obtaining the heat coefficients by explaining that one then uses these homogeneous terms in the Cauchy integral formula to approximate the integral kernel of e −tD 2 . Integration of the kernel of this operator on the diagonal yields a small time asymptotic expansion of the form
For detailed discussions, we refer the reader to [17] . It is clear from (2) that cross derivatives of p 2 vanish and d
r n = 0 for n ≥ 0, and the summation (3) is written as
2 Hereafter in this paper t denotes the first variable of the space when it appears in a(t) and its derivatives and it denotes the time when it appears in the heat operator and the associated small time asymptotic expansions.
Using induction, we find that
For example, one can see that for n = 0 the only non-zero r 0,j,α is r 0,1,0 = 1, and for n = 1 the non-vanishing terms are
where e j denotes the j-th standard unit vector in R 4 . It then follows from the equations (4), (5) and (6) that
where
It is straightforward to justify the latter using these identities:
A key point that facilitates our calculations and the proof of our main theorem presented in §5.1 is the derivation of recursive formulas for the coefficients r n,j,α as follows. By substitution of (6) into (5) we find a recursive formula of the form
It is undeniable that the mechanism described above for computing the heat coefficients involves heavy computations which need to be overcome by computer programming. Calculating explicitly the functions e n (x), n = 0, 2, . . . , 12, and computing their integrals over S 3 a with computer assistance, we find the explicit polynomials in a(t) and its derivatives recorded in the sequel, which describe the corresponding terms in the expansion of the spectral action for the RobertsonWalker metric. That is, each function a n recorded below is the outcome of
3.2.
The terms up to a 6 . These terms were computed in [9] by their direct method, which is based on the Euler-Maclaurin summation formula and the FeynmanKac formula, and they were checked by Gilkey's universal formulas. Our computations based on the method explained in the previous subsection also gives the same result.
The first term, whose integral up to a universal factor gives the volume, is given by
Since the latter appears as the leading term in the small time asymptotic expansion of the heat kernel it is related to Weyl's law, which reads the volume from the asymptotic distribution of the eigenvalues of D 2 . The next term, which is related to the scalar curvature, has the expression
The term after, whose integral is topological, is related to the Gauss-Bonnet term (cf. [9] ) and is written as
The term a 6 , which is the last term for which Gilkey's universal formulas are written, is given by
3.3. The terms a 8 and a 10 . These terms were computed by Chamseddine and Connes in [9] using their direct method. In order to form a check on the final formulas, they have suggested to use the universal formulas of [1, 2, 34] to calculate these terms and compare the results. As mentioned earlier, Gilkey's universal formulas were used in [9] to check the terms up to a 6 , however, they are written in the literature only up to a 6 and become rather complicated even for this term.
In this subsection, we pursue the computation of the terms a 8 and a 10 in the expansion of the spectral action for Robertson-Walker metrics by continuing to employ pseudodifferential calculus, as presented in §3.1, and check that the final formulas agree with the result in [9] . The final formulas for a 8 and a 10 are the following expressions:
and
Computation of the Term a 12 in the Expansion of the Spectral Action
We pursue the computation of the term a 12 in the expansion of the spectral action for Robertson-Walker metrics by employing pseudodifferential calculus to find the term r 12 for the parametrix of λ − D 2 , which is homogeneous of order −14, and by performing the appropriate integrations. Since there is no universal formula in the literature for this term, we have performed two heavy computations, one in Hopf coordinates and the other in spherical coordinates, to form a check on the validity of the outcome of our calculations. Another efficient way of computing the term a 12 is to use the direct method of [9] . 4.1. The result of the computation in Hopf coordinates. Continuing the recursive procedure commenced in the previous section and exploiting computer assistance, while the calculation becomes significantly heavier for the term a 12 , we find the following expression:
4.2.
Agreement of the result with computations in spherical coordinates. Taking a similar route as in §2, we explicitly write the Dirac operator for the Roberson-Walker metric in spherical coordinates
Using the computations carried out in [9] with the orthonormal coframe dt, a(t) dχ, a(t) sin χ dθ, a(t) sin χ sin θ dϕ, the corresponding matrix of connection 1-forms for the Levi-Civita connection is written as
Lifting to the spin bundle by means of the Lie algebra isomorphism µ : so(4) → spin(4) and writing the formula for the Dirac operator yield the following expression for this operator expressed in spherical coordiantes:
Accordingly, the symbol of D 2 is the sum p 2 + p 1 + p 0 of three homogeneous components
We have performed the computation of the heat coefficients up to the term a 12 using the latter symbols and have checked the agreement of the result with the computations in Hopf coordinates, presented in the previous subsections. This is in particular of great importance for the term a 12 , since it ensures the validity of our computations performed in two different coordinates.
4.3. Agreement with the full expansion for the round metric. We first recall the full expansion for the spectral action for the round metric, namely the case a(t) = sin(t), worked out in [9] . Then we show that the term a 12 presented in §4.1 reduces correctly to the round case. The method devised in [9] has wide applicability in the spectral action computations since it can be used for the cases when the eigenvalues of the square of the Dirac operator have a polynomial expression while their multiplicities are also given by polynomials. In the case of the round metric on S 4 , after remarkable computations based on the Euler-Maclaurin formula, this method leads to the following expression with control over the remainder term [9] :
This implies that the term a 12 in the expansion of the spectral action for the round metric is equal to 10331 6486480 . To check our calculations against this result, we find that for a(t) = sin(t) the expression for a 12 (t) reduces to which is in complete agreement with the result in [9] , mentioned above.
Chameseddine-Connes' Conjecture
In this section we prove a conjecture of Chamseddine and Connes from [9] . More precisely, we show that the term a 2n in the asymptotic expansion of the spectral action for Robertson-Walker metrics is, up to multiplication by a(t) 3−2n , of the form Q 2n (a, a , . . . , a (2n) ), where Q 2n is a polynomial with rational coefficients.
5.1.
Proof of rationality of the coefficients in the expressions for a 2n . A crucial point that enables us to furnish the proof of our main theorem, namely the proof of the conjecture mentioned above, is the independence of the integral kernel of the heat operator of the Dirac operator of the Robertson-Walker metric from the variables φ 1 , φ 2 , η. Note that since the symbol and the metric are independent of φ 1 , φ 2 , the computations involved in the symbol calculus clearly imply the independence of the terms e n from these variables. However, the independence of e n from η is not evident, which is proved as follows.
Lemma 5.1. The heat kernel k(t, x, x) for the Robertson-Walker metric is independent of φ 1 , φ 2 , η.
Proof. The round metric on S 3 is the bi-invariant metric on SU(2) induced from the Killing form of its Lie algebra su (2) . The corresponding Levi-Civita connection restricted to the left invariant vector fields is given by which implies that in terms of the connection on left (right) invariant vector fields X, Y, Z, it can be written as
Considering the fact that ∇X : X(M ) → X(M ) is an endomorphism of the tangent bundle, the latter identity holds for any Y, Z ∈ X(M ). Therefore, the equation (9) is the Killing equation and shows that any left and right invariant vector field on SU(2) is a Killing vector field. By direct computation in Hopf coordinates, we find the following vector fields which respectively form bases for left and right invariant vector fields on SU(2):
One can check that these vector fields are indeed Killing vector fields for the Robertson-Walker metrics on the four dimensional space. Thus, for any isometry invariant function f we have:
In particular, the heat kernel restricted to the diagonal, k(t, x, x), is independent of φ 1 , φ 2 , η, and so are the coefficient functions e n in its asymptotic expansion.
We stress that although e n (x) is independent of η, φ 1 , φ 2 , its components denoted by e n,j,α in the proof of the following theorem are not necessarily independent of these variables.
Theorem 5.1. The term a 2n in the expansion of the spectral action for the RobertsonWalker metric with cosmic scale factor a(t) is of the form 1 a(t) 2n−3 Q 2n a(t), a (t), . . . , a (2n) (t) , where Q 2n is a polynomial with rational coefficients.
Proof. Using (7) we can write
where e n,j,α = 1
The recursive equation (8) implies that (11) e n,j,α = where P n is a polynomial in a(t) and its derivatives with matrix coefficients. Writing e n,j,α = P n,j,α /a(t) dn , we obtain d n = max{d n−1 + 1, d n−2 + 2}. Starting with d 0 = 0, d 1 = −1, and following to obtain d n = n, we conclude that e n,j,α = 1 a n (t) P n,j,α (a(t), . . . , a (n) (t)), where P n,j,α is a polynomial whose coefficients are matrices with entries in the algebra generated by sin(η), csc(η), cos(η), sec(η) and rational numbers. In the calculation of the even terms a 2n , only even α k have contributions in the summation (10) . This implies that the corresponding c α is a rational multiple of π 2 and P 2n is a polynomial with rational matrix coefficients, which is independent of variables η, φ 1 , φ 2 by Lemma 5.1. Hence
where Q 2n is a polynomial in a(t), a (t), . . . , a (2n) (t) with rational coefficients.
The polynomials P n,j,α also satisfy recursive relations that illuminate interesting features about their structure.
Proposition 5.1. Each P n,j,α is a finite sum of the form
where each c k is a matrix of functions that are independent from the variable t, and n j=0 k j = n j=0 jk j = l, for some 0 ≤ l ≤ n. Proof. This follows from an algebraically lengthy recursive formula for P n,j,α which stems from the equation (8) , similar to the recursive formula for e n,j,α in the proof of Theorem 5.1. In addition, one needs to find the following initial cases: P 0,1,0,0,0,0 = I, P 1,2,1,0,0,0 = 3ia (t), P 1,2,0,0,1,0 = iγ 13 a (t) + iγ 23 cot(η), P 1,2,0,0,0,1 = iγ 14 a (t) − iγ 24 tan(η), P 1,2,0,1,0,0 = 2i cot(2η) + iγ 12 a (t), P 1,3,0,1,0,2 = −2i tan(η), P 1,3,0,1,2,0 = 2i cot(η), P 1,3,1,2,0,0 = 2ia (t), P 1,3,1,0,2,0 = 2ia (t), P 1,3,1,0,0,2 = 2ia (t).
5.2.
A recursive formula for the coefficient of the highest order term in a 2n . The highest derivative of the cosmic scale factor a(t) in the expression for a n is seen in the term a(t) n−1 a (n) (t), which has a rational coefficient based on Theorem 5.1. Let us denote the coefficient of a(t) n−1 a (n) (t) in a n by h n . Since the coefficients h n are limited to satisfy the recursive relations derived in the proof of the following proposition, one can find the following closed formula for these coefficients.
Proposition 5.2. The coefficient h n of a(t) n−1 a (n) (t) in a n is equal to
[n/2] + 1 ≤ j ≤ 2n + 1 0 ≤ k ≤ j − n/2 − 1 Γ 2k + 1 2 H n,j,2k , the polynomials in a(t) and its derivatives that describe the general terms a 2n in the expansion.
The terms up to a 10 were previously computed in [9] using their direct method, where the terms up to a 6 were checked against Gilkey's universal formulas [17, 18] . The outcome of our computations confirms the previously computed terms. Thus, we have formed a check on the terms a 8 and a 10 . In order to confirm our calculation for the term a 12 , we have performed a completely different computation in spherical coordinates and checked its agreement with our calculation in Hopf coordinates. It is worth emphasizing that the high complexity of the computations, which is overcome by computer assistance, raises the need to derive the expressions at least in two different ways to ensure their validity.
We have found a formula for the coefficient of the term with the highest derivative of a(t) in a 2n for all n and make the following observation. The polynomials Q 2n in a 2n = Q 2n a(t), a (t), . . . , a (2n) (t) /a(t) 2n−3 are of the following form up to Q 12 :
where the summation is over all tuples of non-negative integers k = (k 0 , k 1 , . . . , k 2n ) such that either k j = 2n while jk j = 2n, or k j = 2n − 2 while jk j = 2n − 2. This provides enough evidence and hope to shed more light on general structure of the terms a 2n by further investigations, which are under way.
